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Motivation

Interaction with the environment 
is fundamental for locomotion and 
manipulation

• How do we control both motion and 
contact interaction?

• How do we create policies for 
dexterous skills?
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Motivation

• How do we control both motion and 
contact interaction?
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good tracking ➡ high gains ➡ high stiffness

[Kalakrishnan et al. 2010]

Naive Control

PID controllers
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Tracking a desired motion is not enough
(even with a great inverse dynamics 

controller and the best planner)

Naive Control
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Controlling contact forces significantly 
changes the possible behaviors

Naive Control
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Contact forces and motion are related 
through the dynamics of the robot

Motion control of legged robots

Mq̈ = F

Dynamic models to design feedforward controllers:

• Better tracking performance (position and force)
• Lower error feedback gains (compliance)
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Model-based control

PID
(error feedback)

Planning
(generation of 

desired trajectories)

Dynamic 
model

∑

Inverse Dynamics controllers for underactuated robots

with constraints

August 31, 2010

1 Introduction

qdes, q̇des, q̈des

One very important aspect of the design of locomotion controllers for legged robots is
the interaction of the robot with its environment through contacts. While it is desirable to
handle interaction in a compliant manner to decrease disturbances of the robot at contact,
it is also important for agility to maintain high trajectory tracking performances. Moreover,
it is crucial to control the e�ects of the robot movements on the contact reaction forces to
prevent slipping, for example. These features are of special importance in di⌅cult situations
such as walking on ice or climbing.

Traditional position control schemes are problematic for such purposes since they inher-
ently require high gains and therefore high sti�ness for good tracking performance. This is
problematic both for a compliant handling of contact interaction and for safe operation in
human environments. On the other hand, torque control strategies have recently successfully
implemented for the control of complex, redundant machines [3, 8]. Especially model based
approaches such as inverse dynamics controllers are very appealing. Indeed, they allow to
significantly lower the gains and therefore allow for more compliant control while they also
guarantee high tracking performance. Moreover, they allow to design explicit force con-
trollers [1, 9] for the end e�ectors (e.g. to manipulate the centres of pressure of the hands
and legs of a humanoid).

The problem of inverse dynamics for legged robot is particular as these robots are intrin-
sically underactuated systems. Indeed the position and orientation of the robot relative to
an inertial frame is not actuated and therefore a robot with n joints has n + 6 degrees of
freedom. However they cannot be treated in the same way as free floating systems such as
satellites since they are also subjected to contact constraints most of the time (i.e. their feet
touch the ground). One possibility would be to use the contact constraints to reduce the
dimension of the control problem and treating the robot as a fixed base system where the
legs are glued to the ground. Then one would require a di�erent model for each new contact
state, for example when the number of legs touching the ground is changing. Moreover such
an approach will not take into account the ground reaction forces and will therefore not be
able to explicitly control them. From that point of view torque control approaches developed
for manipulator cannot be applied directly.

Recently researchers have successfully developed inverse dynamics algorithm [5, 7] for
floating base systems with constraints. Sentis et al. for example extended the operational
space framework developed by Khatib [4] for floating base systems with task hierarchies.
Mistry et al. [5] proposed another algorithm based on orthogonal projections to eliminate
the constraints. It is also worth mentionning that this problem has been generally addressed

1

2.2 General framework formulation and class of possible controllers

The solutions of the inverse dynamics problem will essentially live on a surface embedded in
Rn+6 where the constraints are enforced (i.e. when restricted to this surface the dynamics
can be written without Lagrange multipliers). Lets define a linear projection A(q, q̇) such
that the unconstrained dynamics (i.e. the free dynamics) is written as

A(Mq̈d + h) = AST ⇥ (4)

For example by computing the Lagrange multipliers that are uniquely given by [11]

� = (JcM
�1JT

c )
�1(b+ JcM

�1(h� ST ⇥ )) (5)

and by noting that the constraints enforce b = Jcq̈, there always exists the linear operator

A = (I� JT
c (JcM

�1JT
c )

�1JcM
�1) (6)

that describes the unconstrained dynamics.
Solving the original problem is then reduced to solving Equation (4). We can already

see that the number of solutions to this equation will depend on the number of constraints.
Indeed the unconstrained dynamics for all these approaches, lies in a n+ 6� k dimensional
manifold while the dimension of the control vector is n. There are then 3 distinct cases.
In the case k < 6, the system is underactuated and therefore overdetermined and there is
at most one solution to the inverse dynamics problem. For a solution to exist, the desired
accelerations must not only be constraint consistent, they moreover need to be consistent with
the dynamics of Eq. 1. For example one can think of the case of no constraints, when a cat
is falling and cannot orient its body and move its joints independently. If k = 6, then there is
exactly one solution provided that the desired accelerations are constraint consistent. Finally
if k > 6, the system is overconstrained and under determined and there is an infinite number
of solutions for ⇥ that will achieve perfect tracking of q̈d. We will show in the following
that for this case a particular choice of torques will lead to controllers that are optimal for
a quadratic cost in the torques or optimal for a quadratic cost of the constraint forces at
each instant of time. The overconstrained case happens for example when a humanoid with
flat feet has its two feet on the ground (12 constraints) or when there are three feet on the
ground in the case of a point feet quadruped such as the little dog (9 constraints).

From now we will study Equation (4). First we state the following straightforward lemma

Lemma 2.1 If the desired accelerations q̈d are achievable, all possible controllers to the
inverse dynamics problem under constraints that achieve perfect tracking of these desired
accelerations can be written in the form

⇥ (W, ⇥ 0) = (AST )
W
A(Mq̈d + h) + (I� (AST )

W
AST )W�1⇥ 0 (7)

with
(AST )

W
= W� 1

2 (ASTW� 1
2 )+ (8)

where ()+ denotes the Moore-Penrose generalized inverse, W is symmetric positive definite
and ⇥ 0 is an arbitrary torque. Moreover the unique controller that minimizes the cost ⇥TW⇥
can be written as

⇥ (W,0) = (AST )
W
A(Mq̈d + h) (9)

4

q, q̇,�

qdes, q̇des

�des

�des

⌧
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Floating-base

Inertial frame

Rigid-body dynamics

contact forces

Equations of motion:

(under) actuation

is derived in a constraint consistent subspace without explic-
itly computing these constraints. Therefore they are often not
well suited for the control of contact constraints. It is also
desirable to avoid measuring constraint forces since it would
require sensors at each contact point and can lead to brittle
control due to noise measurement and delay due to filtering.
The ideal situation would be to have a single controller for
all these different cases that can handle switching external
contact constraints and that does not require constraint forces
measurement.

Recently such an approach has been taken for both opera-
tional space and joint position control of legged robots. Sen-
tis et al. [1], [7] proposed an extension of operational space
controllers for floating-base robots and for prioritization of
tasks that requires only one dynamic model of the robot
and that can handle various types of external constraints.
They design a hierarchy of constraint-consistent tasks (e.g.
movement of the center of mass and movement of the hands),
each task acting in the nullspace of both higher priority tasks
and the constraints. This approach is very appealing since it
virtually allows one to control any desired position or force in
task space and to superpose these tasks together for floating-
base robots under constraints. However one caveat of this
approach is the complexity of the controller. Indeed among
all of the needed computations, it requires the inversion of
the rigid body inertia matrix in several places making this
approach sensitive to modelling and parameter estimation
errors [5]. To the best of our knowledge this approach was
never applied on a real robotic platform. Another approach
for joint space trajectory control was recently proposed by
Aghili in [8], based on orthogonal projections. The inverse
dynamics is computed by projecting the dynamics into a
constraint consistent manifold thus removing the constraints.
The advantage of such an approach is that it can also handle
constraint switching and is computationally efficient since
it is based on the decomposition of the constraint Jacobian,
which is a purely kinematic quantity. More recently, based
on similar ideas, Mistry et al. [3] proposed an inverse
dynamics algorithm for legged robots with switching contact
constraints. This algorithm is very appealing since it does
not require the inversion of the inertia matrix and requires
only kinematic terms and an estimation of the unconstrained
inverse dynamics, which is computationally inexpensive. In
addition it allows to predict the constraint forces efficiently
using only kinematic projections, which can be used to
develop force controllers [9]. This controller was also suc-
cessfully applied on real robotic platforms demonstrating its
robustness and efficiency for real-time control [3], [9].

The controllers mentioned above were independently de-
rived for very different purposes and the control laws have
very different forms. Several questions arise. To what extend
are these control laws different? Is it possible to benefit of
the advantages of the hierarchical task controllers while pre-
serving the simplicity and robustness of the inverse dynamics
controller based on orthogonal projections? Is it mandatory
to use the inverse of the inertia matrix for the operational
space approach?

In this paper, we demonstrate the surprising insight that
these previous different approaches to floating base inverse
dynamics control can indeed be thought as equivalent. In
order to do so, we develop a general framework to describe
such controllers and prove the equivalence of all these
controllers. This general framework for inverse dynamics

control of under-actuated robots under constraints is the
main contribution of this paper. The consequences of this
result are two-fold. First, we give a strong argument in
favor of the use of orthogonal projections for inverting the
dynamics [3], [8] since these approaches are equivalent to the
ones using dynamic quantities and are easier to implement
on real robotic systems. Second, we are able to simplify
the controller presented in [1], [7] to work with kinematic
projections and extend it to be optimal with respect to any
quadratic cost in the commands.

In Section 2 we present the general framework that will
allow us to compare the different approaches and derive
the main result of the paper. In Section 3 we discuss the
practical consequences of this result, present the controllers
that we wish to compare and simplify the operational space
controller. We then show numerical simulations to support
the mathematical results in Section 4 and discuss the com-
putational aspects of the new results and their applicability
on real platforms. We then conclude the paper.

II. GENERAL FRAMEWORK
A. Problem formulation

The dynamics of a free-floating rigid-body robot subject
to external constraints is generally given by2

Mq̈+ h = ST ⌧ + JT
c � (1)

under the k constraints

Jcq̈ = b(q, q̇) (2)

where M ⇤ R(n+6)�(n+6) is the rigid body dynamics (RBD)
Inertia matrix, h ⇤ Rn+6 is a generalized force vector
containing the Coriolis, centrifugal and gravitational effects,
⌧ ⇤ Rn is the actuation vector and S ⇤ Rn�(n+6) is
the joint selection matrix that reflects the underactuation
– for instance, for most floating base robots, S would
be the identity matrix in the first n ⇥ n submatrix, and
zeros elsewhere. Jc ⇤ Rk�(n+6) is the Jacobian of the
k constraints with the � ⇤ Rk Lagrange multipliers that
correspond to the constraint forces.

Following the ideas from [10] we express the constraints
in acceleration form (Eq. 2) . Holonomic constraints can be
expressed by differentiating them twice and non-holonomic
constraints by differentiating them once. Without loss of
generality, we assume that Jc is full row rank, in the sense
that all constraints are linearly independent. Indeed it is
always possible to find a reduced number of independent
constraints, for example by using the SVD decomposition of
Jc. Therefore our results will hold for an arbitrary number
of constraints.

For example, assume that the position of the point feet of
a legged robot are given by xc, then the constraints that the
feet do not move relative to the ground can be written as
xc = const or equivalently by ẋc = 0. Relating this to the
motion of the joints of the robot using the Jacobian of xc
we have ẋc = Jcq̇ = 0, which we differentiate once again
to get Jcq̈ = �J̇cq̇.

We assume that the movement plan of the robot is ex-
pressed by desired joint accelerations that are constraint

2We discuss floating base systems with n DOFS and n actuators, but
all the derived results here can be directly applied to systems with a higher
number of actuators (e.g. muscle-like systems) and to systems with a higher
degree of under-actuation (e.g. a robot with passive elements). These cases
are not included to keep notation and discussion as simple as possible.

Contact constraints:

Mq̈+ h = ST ⌧ + JT
c �

Control problem: find actuation torques 
to achieve a desired position/force policy

Physical limitations:
(cones of friction, center of pressure, 
torque saturation, joint limits, etc...)

A

2

4
q̈
⌧
�

3

5  b
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Inverse dynamics for legged robots

[Righetti et al., IJRR 2013]

• Inverse dynamics (joint acceleration) and operational space 
(task space accelerations) control

• Use torque redundancy to optimize contact forces and torques 

• Computationally fast (1KHz control loop)

• Robust to model uncertainties (works on real robot)

[Mistry et al., 2010]
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Manipulation of contact forces

We can redistribute the weight of 
the robot on the legs without moving

In all the experiments we control the robot in task space
using n tasks using a resolved acceleration scheme with
hierarchies through nullspace projection

q̈d = �J̇cq̇+
n�

i=1

J̃+
i (ẍi � ˙̃Jiq̇)

J̃i = JiNi�1

Ni = Ni�1 � J̃+
i J̃i

N0 = I� J+
c Jc

where Ji is the Jacobian of task i and ẍi its desired
acceleration. In the experiments where the robot is moving,
we control two tasks, the first one is the motion of the base
of the robot whose desired acceleration is computed using
a PD controller and the second task is a posture control
around desired joint positions. When one leg is unloaded,
we additionally control the position of the foot.

A. Static experiments

In order to give an intuition of the utility of optimizing
contact forces in inverse dynamics control for humanoid
robots, we show a simple static task where the robot is
standing, one foot on the ground, one on a step (as is shown
in Figure 1). We optimize the contact forces in order to track
the forces orthogonal to the contact planes, this allows us to
change the weight distribution on the feet of the robot.

For each foot we track a 1Hz sine pattern for the force
normal to the ground at each foot. The sine has an amplitude
of 20N for the first 3 seconds and then its amplitude is
increased to 70N (in order to reach physical limits). The
result of the experiment is shown in Figure 2. In the upper
graph, we can see that the controller is able to track the
desired force distribution very well. In the lower graph we see
when the moments around the feet reach the hard constraint
limitations (we set these constraints arbitrarily to demonstrate
the behavior of the system). Force tracking remains good
despite reaching these limits. We note that if we would not set
these limits on the moments, for example using the controller
we proposed in [6] based on pseudo-inverses, the feet would
start rotating and the robot would loose balance.

B. Contact transition

We now present dynamic experiments where the robot
performs desired motions which include a contact transition.
The goal is to show how the manipulation of contact forces
can help to execute difficult motions. The robot is standing
on the step, as is shown in Figure 1. The task is to shift
the weight of the robot on the right leg by moving the base
to get it above the right foot. We test two controllers, one
that tries to minimize all contact forces and one that tries to
track a desired normal contact force as the robot moves. The
desired normal force objective simply shifts the weight from
both legs to only one.

Fig. 2. Results of the static experiments. The upper graph shows desired
normal forces (dashed lines) and actual forces (plain line) for the left foot
(blue) and the right foot (red). The lower graph shows the moments around
the feet along the sagital plane, we notice that they reach the limit set in
the controllers at 5Nm.

Fig. 3. Both graphs show the normal contact forces of the left (red) and
right (blue) feet. The upper graph is the weight distribution in the case of no
specific tracking of contact forces. The lower graph is the weight distribution
when tracking a desired force is specified. We notice on the lower graph the
nice smooth transitions from double support to full unloading of the right
leg.

The results of the experiments can be see in Figure 3. We
see that by adding a desired force to track in addition to a
desired motion, it is possible to have a smooth unloading
of the left leg. This result emphasizes the importance of the
control of internal forces to perform complicated motions,
which the proposed controller can do in an optimal way. It
also raises the question of how such contact forces should
be planned.

C. Computation time

For all the experiments we showed here, the computational
time is always lower than 400 microseconds (run on a stan-
dard computer), making the algorithm very well suited for
fast control bandwidth required in modern torque controlled
robots such as the Sarcos humanoid (which has a 1KHz
control bandwidth).

[Righetti et al., IJRR 2013]
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Robot application

Important limitations

• 100 Hz control loop
• No torque sensors
• Friction dominated dynamics

[Righetti et al., IJRR 2013]
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Model-based control

What if the problem has no solutions?
(i.e. the desired acceleration need to be 

adapted to satisfy the constraints)
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Model-based control

min.
q̈, ⌧ ,�

f(q̈, ⌧ ,�)

Equations of motion:

is derived in a constraint consistent subspace without explic-
itly computing these constraints. Therefore they are often not
well suited for the control of contact constraints. It is also
desirable to avoid measuring constraint forces since it would
require sensors at each contact point and can lead to brittle
control due to noise measurement and delay due to filtering.
The ideal situation would be to have a single controller for
all these different cases that can handle switching external
contact constraints and that does not require constraint forces
measurement.

Recently such an approach has been taken for both opera-
tional space and joint position control of legged robots. Sen-
tis et al. [1], [7] proposed an extension of operational space
controllers for floating-base robots and for prioritization of
tasks that requires only one dynamic model of the robot
and that can handle various types of external constraints.
They design a hierarchy of constraint-consistent tasks (e.g.
movement of the center of mass and movement of the hands),
each task acting in the nullspace of both higher priority tasks
and the constraints. This approach is very appealing since it
virtually allows one to control any desired position or force in
task space and to superpose these tasks together for floating-
base robots under constraints. However one caveat of this
approach is the complexity of the controller. Indeed among
all of the needed computations, it requires the inversion of
the rigid body inertia matrix in several places making this
approach sensitive to modelling and parameter estimation
errors [5]. To the best of our knowledge this approach was
never applied on a real robotic platform. Another approach
for joint space trajectory control was recently proposed by
Aghili in [8], based on orthogonal projections. The inverse
dynamics is computed by projecting the dynamics into a
constraint consistent manifold thus removing the constraints.
The advantage of such an approach is that it can also handle
constraint switching and is computationally efficient since
it is based on the decomposition of the constraint Jacobian,
which is a purely kinematic quantity. More recently, based
on similar ideas, Mistry et al. [3] proposed an inverse
dynamics algorithm for legged robots with switching contact
constraints. This algorithm is very appealing since it does
not require the inversion of the inertia matrix and requires
only kinematic terms and an estimation of the unconstrained
inverse dynamics, which is computationally inexpensive. In
addition it allows to predict the constraint forces efficiently
using only kinematic projections, which can be used to
develop force controllers [9]. This controller was also suc-
cessfully applied on real robotic platforms demonstrating its
robustness and efficiency for real-time control [3], [9].

The controllers mentioned above were independently de-
rived for very different purposes and the control laws have
very different forms. Several questions arise. To what extend
are these control laws different? Is it possible to benefit of
the advantages of the hierarchical task controllers while pre-
serving the simplicity and robustness of the inverse dynamics
controller based on orthogonal projections? Is it mandatory
to use the inverse of the inertia matrix for the operational
space approach?

In this paper, we demonstrate the surprising insight that
these previous different approaches to floating base inverse
dynamics control can indeed be thought as equivalent. In
order to do so, we develop a general framework to describe
such controllers and prove the equivalence of all these
controllers. This general framework for inverse dynamics

control of under-actuated robots under constraints is the
main contribution of this paper. The consequences of this
result are two-fold. First, we give a strong argument in
favor of the use of orthogonal projections for inverting the
dynamics [3], [8] since these approaches are equivalent to the
ones using dynamic quantities and are easier to implement
on real robotic systems. Second, we are able to simplify
the controller presented in [1], [7] to work with kinematic
projections and extend it to be optimal with respect to any
quadratic cost in the commands.

In Section 2 we present the general framework that will
allow us to compare the different approaches and derive
the main result of the paper. In Section 3 we discuss the
practical consequences of this result, present the controllers
that we wish to compare and simplify the operational space
controller. We then show numerical simulations to support
the mathematical results in Section 4 and discuss the com-
putational aspects of the new results and their applicability
on real platforms. We then conclude the paper.

II. GENERAL FRAMEWORK
A. Problem formulation

The dynamics of a free-floating rigid-body robot subject
to external constraints is generally given by2

Mq̈+ h = ST ⌧ + JT
c � (1)

under the k constraints

Jcq̈ = b(q, q̇) (2)

where M ⇤ R(n+6)�(n+6) is the rigid body dynamics (RBD)
Inertia matrix, h ⇤ Rn+6 is a generalized force vector
containing the Coriolis, centrifugal and gravitational effects,
⌧ ⇤ Rn is the actuation vector and S ⇤ Rn�(n+6) is
the joint selection matrix that reflects the underactuation
– for instance, for most floating base robots, S would
be the identity matrix in the first n ⇥ n submatrix, and
zeros elsewhere. Jc ⇤ Rk�(n+6) is the Jacobian of the
k constraints with the � ⇤ Rk Lagrange multipliers that
correspond to the constraint forces.

Following the ideas from [10] we express the constraints
in acceleration form (Eq. 2) . Holonomic constraints can be
expressed by differentiating them twice and non-holonomic
constraints by differentiating them once. Without loss of
generality, we assume that Jc is full row rank, in the sense
that all constraints are linearly independent. Indeed it is
always possible to find a reduced number of independent
constraints, for example by using the SVD decomposition of
Jc. Therefore our results will hold for an arbitrary number
of constraints.

For example, assume that the position of the point feet of
a legged robot are given by xc, then the constraints that the
feet do not move relative to the ground can be written as
xc = const or equivalently by ẋc = 0. Relating this to the
motion of the joints of the robot using the Jacobian of xc
we have ẋc = Jcq̇ = 0, which we differentiate once again
to get Jcq̈ = �J̇cq̇.

We assume that the movement plan of the robot is ex-
pressed by desired joint accelerations that are constraint

2We discuss floating base systems with n DOFS and n actuators, but
all the derived results here can be directly applied to systems with a higher
number of actuators (e.g. muscle-like systems) and to systems with a higher
degree of under-actuation (e.g. a robot with passive elements). These cases
are not included to keep notation and discussion as simple as possible.

Contact constraints:

Mq̈+ h = ST ⌧ + JT
c �

Physical limitations:
(cones of friction, center of pressure, 
torque saturation, joint limits, etc...)

A

2

4
q̈
⌧
�

3

5  b

Such that:

[Stephens et al. 2010]
[Salini et al. 2011]
[Saab et al. 2011]

etc...
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Robot dynamics

Equations of motion:
Maq̈+ ha = ⌧ + JT

a�

Unactuated

Actuated

Unactuated dynamics ⇒ evolution of momentum

(Newton-Euler equations for a rigid body)

Actuated dynamics ⇒
                        (Linear dependence between variables)

⌧ = Maq̈+ ha � JT
a�

Muq̈+ hu = JT
u�
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Model-based control

min.
q̈, ⌧ ,�

f(q̈, ⌧ ,�)

Equations of motion:

is derived in a constraint consistent subspace without explic-
itly computing these constraints. Therefore they are often not
well suited for the control of contact constraints. It is also
desirable to avoid measuring constraint forces since it would
require sensors at each contact point and can lead to brittle
control due to noise measurement and delay due to filtering.
The ideal situation would be to have a single controller for
all these different cases that can handle switching external
contact constraints and that does not require constraint forces
measurement.

Recently such an approach has been taken for both opera-
tional space and joint position control of legged robots. Sen-
tis et al. [1], [7] proposed an extension of operational space
controllers for floating-base robots and for prioritization of
tasks that requires only one dynamic model of the robot
and that can handle various types of external constraints.
They design a hierarchy of constraint-consistent tasks (e.g.
movement of the center of mass and movement of the hands),
each task acting in the nullspace of both higher priority tasks
and the constraints. This approach is very appealing since it
virtually allows one to control any desired position or force in
task space and to superpose these tasks together for floating-
base robots under constraints. However one caveat of this
approach is the complexity of the controller. Indeed among
all of the needed computations, it requires the inversion of
the rigid body inertia matrix in several places making this
approach sensitive to modelling and parameter estimation
errors [5]. To the best of our knowledge this approach was
never applied on a real robotic platform. Another approach
for joint space trajectory control was recently proposed by
Aghili in [8], based on orthogonal projections. The inverse
dynamics is computed by projecting the dynamics into a
constraint consistent manifold thus removing the constraints.
The advantage of such an approach is that it can also handle
constraint switching and is computationally efficient since
it is based on the decomposition of the constraint Jacobian,
which is a purely kinematic quantity. More recently, based
on similar ideas, Mistry et al. [3] proposed an inverse
dynamics algorithm for legged robots with switching contact
constraints. This algorithm is very appealing since it does
not require the inversion of the inertia matrix and requires
only kinematic terms and an estimation of the unconstrained
inverse dynamics, which is computationally inexpensive. In
addition it allows to predict the constraint forces efficiently
using only kinematic projections, which can be used to
develop force controllers [9]. This controller was also suc-
cessfully applied on real robotic platforms demonstrating its
robustness and efficiency for real-time control [3], [9].

The controllers mentioned above were independently de-
rived for very different purposes and the control laws have
very different forms. Several questions arise. To what extend
are these control laws different? Is it possible to benefit of
the advantages of the hierarchical task controllers while pre-
serving the simplicity and robustness of the inverse dynamics
controller based on orthogonal projections? Is it mandatory
to use the inverse of the inertia matrix for the operational
space approach?

In this paper, we demonstrate the surprising insight that
these previous different approaches to floating base inverse
dynamics control can indeed be thought as equivalent. In
order to do so, we develop a general framework to describe
such controllers and prove the equivalence of all these
controllers. This general framework for inverse dynamics

control of under-actuated robots under constraints is the
main contribution of this paper. The consequences of this
result are two-fold. First, we give a strong argument in
favor of the use of orthogonal projections for inverting the
dynamics [3], [8] since these approaches are equivalent to the
ones using dynamic quantities and are easier to implement
on real robotic systems. Second, we are able to simplify
the controller presented in [1], [7] to work with kinematic
projections and extend it to be optimal with respect to any
quadratic cost in the commands.

In Section 2 we present the general framework that will
allow us to compare the different approaches and derive
the main result of the paper. In Section 3 we discuss the
practical consequences of this result, present the controllers
that we wish to compare and simplify the operational space
controller. We then show numerical simulations to support
the mathematical results in Section 4 and discuss the com-
putational aspects of the new results and their applicability
on real platforms. We then conclude the paper.

II. GENERAL FRAMEWORK
A. Problem formulation

The dynamics of a free-floating rigid-body robot subject
to external constraints is generally given by2

Mq̈+ h = ST ⌧ + JT
c � (1)

under the k constraints

Jcq̈ = b(q, q̇) (2)

where M ⇤ R(n+6)�(n+6) is the rigid body dynamics (RBD)
Inertia matrix, h ⇤ Rn+6 is a generalized force vector
containing the Coriolis, centrifugal and gravitational effects,
⌧ ⇤ Rn is the actuation vector and S ⇤ Rn�(n+6) is
the joint selection matrix that reflects the underactuation
– for instance, for most floating base robots, S would
be the identity matrix in the first n ⇥ n submatrix, and
zeros elsewhere. Jc ⇤ Rk�(n+6) is the Jacobian of the
k constraints with the � ⇤ Rk Lagrange multipliers that
correspond to the constraint forces.

Following the ideas from [10] we express the constraints
in acceleration form (Eq. 2) . Holonomic constraints can be
expressed by differentiating them twice and non-holonomic
constraints by differentiating them once. Without loss of
generality, we assume that Jc is full row rank, in the sense
that all constraints are linearly independent. Indeed it is
always possible to find a reduced number of independent
constraints, for example by using the SVD decomposition of
Jc. Therefore our results will hold for an arbitrary number
of constraints.

For example, assume that the position of the point feet of
a legged robot are given by xc, then the constraints that the
feet do not move relative to the ground can be written as
xc = const or equivalently by ẋc = 0. Relating this to the
motion of the joints of the robot using the Jacobian of xc
we have ẋc = Jcq̇ = 0, which we differentiate once again
to get Jcq̈ = �J̇cq̇.

We assume that the movement plan of the robot is ex-
pressed by desired joint accelerations that are constraint

2We discuss floating base systems with n DOFS and n actuators, but
all the derived results here can be directly applied to systems with a higher
number of actuators (e.g. muscle-like systems) and to systems with a higher
degree of under-actuation (e.g. a robot with passive elements). These cases
are not included to keep notation and discussion as simple as possible.

Contact constraints:

Mq̈+ h = ST ⌧ + JT
c �

Physical limitations:
(cones of friction, center of pressure, 
torque saturation, joint limits, etc...)
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is derived in a constraint consistent subspace without explic-
itly computing these constraints. Therefore they are often not
well suited for the control of contact constraints. It is also
desirable to avoid measuring constraint forces since it would
require sensors at each contact point and can lead to brittle
control due to noise measurement and delay due to filtering.
The ideal situation would be to have a single controller for
all these different cases that can handle switching external
contact constraints and that does not require constraint forces
measurement.

Recently such an approach has been taken for both opera-
tional space and joint position control of legged robots. Sen-
tis et al. [1], [7] proposed an extension of operational space
controllers for floating-base robots and for prioritization of
tasks that requires only one dynamic model of the robot
and that can handle various types of external constraints.
They design a hierarchy of constraint-consistent tasks (e.g.
movement of the center of mass and movement of the hands),
each task acting in the nullspace of both higher priority tasks
and the constraints. This approach is very appealing since it
virtually allows one to control any desired position or force in
task space and to superpose these tasks together for floating-
base robots under constraints. However one caveat of this
approach is the complexity of the controller. Indeed among
all of the needed computations, it requires the inversion of
the rigid body inertia matrix in several places making this
approach sensitive to modelling and parameter estimation
errors [5]. To the best of our knowledge this approach was
never applied on a real robotic platform. Another approach
for joint space trajectory control was recently proposed by
Aghili in [8], based on orthogonal projections. The inverse
dynamics is computed by projecting the dynamics into a
constraint consistent manifold thus removing the constraints.
The advantage of such an approach is that it can also handle
constraint switching and is computationally efficient since
it is based on the decomposition of the constraint Jacobian,
which is a purely kinematic quantity. More recently, based
on similar ideas, Mistry et al. [3] proposed an inverse
dynamics algorithm for legged robots with switching contact
constraints. This algorithm is very appealing since it does
not require the inversion of the inertia matrix and requires
only kinematic terms and an estimation of the unconstrained
inverse dynamics, which is computationally inexpensive. In
addition it allows to predict the constraint forces efficiently
using only kinematic projections, which can be used to
develop force controllers [9]. This controller was also suc-
cessfully applied on real robotic platforms demonstrating its
robustness and efficiency for real-time control [3], [9].

The controllers mentioned above were independently de-
rived for very different purposes and the control laws have
very different forms. Several questions arise. To what extend
are these control laws different? Is it possible to benefit of
the advantages of the hierarchical task controllers while pre-
serving the simplicity and robustness of the inverse dynamics
controller based on orthogonal projections? Is it mandatory
to use the inverse of the inertia matrix for the operational
space approach?

In this paper, we demonstrate the surprising insight that
these previous different approaches to floating base inverse
dynamics control can indeed be thought as equivalent. In
order to do so, we develop a general framework to describe
such controllers and prove the equivalence of all these
controllers. This general framework for inverse dynamics

control of under-actuated robots under constraints is the
main contribution of this paper. The consequences of this
result are two-fold. First, we give a strong argument in
favor of the use of orthogonal projections for inverting the
dynamics [3], [8] since these approaches are equivalent to the
ones using dynamic quantities and are easier to implement
on real robotic systems. Second, we are able to simplify
the controller presented in [1], [7] to work with kinematic
projections and extend it to be optimal with respect to any
quadratic cost in the commands.

In Section 2 we present the general framework that will
allow us to compare the different approaches and derive
the main result of the paper. In Section 3 we discuss the
practical consequences of this result, present the controllers
that we wish to compare and simplify the operational space
controller. We then show numerical simulations to support
the mathematical results in Section 4 and discuss the com-
putational aspects of the new results and their applicability
on real platforms. We then conclude the paper.

II. GENERAL FRAMEWORK
A. Problem formulation

The dynamics of a free-floating rigid-body robot subject
to external constraints is generally given by2

Mq̈+ h = ST ⌧ + JT
c � (1)

under the k constraints

Jcq̈ = b(q, q̇) (2)

where M ⇤ R(n+6)�(n+6) is the rigid body dynamics (RBD)
Inertia matrix, h ⇤ Rn+6 is a generalized force vector
containing the Coriolis, centrifugal and gravitational effects,
⌧ ⇤ Rn is the actuation vector and S ⇤ Rn�(n+6) is
the joint selection matrix that reflects the underactuation
– for instance, for most floating base robots, S would
be the identity matrix in the first n ⇥ n submatrix, and
zeros elsewhere. Jc ⇤ Rk�(n+6) is the Jacobian of the
k constraints with the � ⇤ Rk Lagrange multipliers that
correspond to the constraint forces.

Following the ideas from [10] we express the constraints
in acceleration form (Eq. 2) . Holonomic constraints can be
expressed by differentiating them twice and non-holonomic
constraints by differentiating them once. Without loss of
generality, we assume that Jc is full row rank, in the sense
that all constraints are linearly independent. Indeed it is
always possible to find a reduced number of independent
constraints, for example by using the SVD decomposition of
Jc. Therefore our results will hold for an arbitrary number
of constraints.

For example, assume that the position of the point feet of
a legged robot are given by xc, then the constraints that the
feet do not move relative to the ground can be written as
xc = const or equivalently by ẋc = 0. Relating this to the
motion of the joints of the robot using the Jacobian of xc
we have ẋc = Jcq̇ = 0, which we differentiate once again
to get Jcq̈ = �J̇cq̇.

We assume that the movement plan of the robot is ex-
pressed by desired joint accelerations that are constraint

2We discuss floating base systems with n DOFS and n actuators, but
all the derived results here can be directly applied to systems with a higher
number of actuators (e.g. muscle-like systems) and to systems with a higher
degree of under-actuation (e.g. a robot with passive elements). These cases
are not included to keep notation and discussion as simple as possible.

Contact constraints:

Mq̈+ h = ST ⌧ + JT
c �

Physical limitations:
(cones of friction, center of pressure, 
torque saturation, joint limits, etc...)
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is derived in a constraint consistent subspace without explic-
itly computing these constraints. Therefore they are often not
well suited for the control of contact constraints. It is also
desirable to avoid measuring constraint forces since it would
require sensors at each contact point and can lead to brittle
control due to noise measurement and delay due to filtering.
The ideal situation would be to have a single controller for
all these different cases that can handle switching external
contact constraints and that does not require constraint forces
measurement.

Recently such an approach has been taken for both opera-
tional space and joint position control of legged robots. Sen-
tis et al. [1], [7] proposed an extension of operational space
controllers for floating-base robots and for prioritization of
tasks that requires only one dynamic model of the robot
and that can handle various types of external constraints.
They design a hierarchy of constraint-consistent tasks (e.g.
movement of the center of mass and movement of the hands),
each task acting in the nullspace of both higher priority tasks
and the constraints. This approach is very appealing since it
virtually allows one to control any desired position or force in
task space and to superpose these tasks together for floating-
base robots under constraints. However one caveat of this
approach is the complexity of the controller. Indeed among
all of the needed computations, it requires the inversion of
the rigid body inertia matrix in several places making this
approach sensitive to modelling and parameter estimation
errors [5]. To the best of our knowledge this approach was
never applied on a real robotic platform. Another approach
for joint space trajectory control was recently proposed by
Aghili in [8], based on orthogonal projections. The inverse
dynamics is computed by projecting the dynamics into a
constraint consistent manifold thus removing the constraints.
The advantage of such an approach is that it can also handle
constraint switching and is computationally efficient since
it is based on the decomposition of the constraint Jacobian,
which is a purely kinematic quantity. More recently, based
on similar ideas, Mistry et al. [3] proposed an inverse
dynamics algorithm for legged robots with switching contact
constraints. This algorithm is very appealing since it does
not require the inversion of the inertia matrix and requires
only kinematic terms and an estimation of the unconstrained
inverse dynamics, which is computationally inexpensive. In
addition it allows to predict the constraint forces efficiently
using only kinematic projections, which can be used to
develop force controllers [9]. This controller was also suc-
cessfully applied on real robotic platforms demonstrating its
robustness and efficiency for real-time control [3], [9].

The controllers mentioned above were independently de-
rived for very different purposes and the control laws have
very different forms. Several questions arise. To what extend
are these control laws different? Is it possible to benefit of
the advantages of the hierarchical task controllers while pre-
serving the simplicity and robustness of the inverse dynamics
controller based on orthogonal projections? Is it mandatory
to use the inverse of the inertia matrix for the operational
space approach?

In this paper, we demonstrate the surprising insight that
these previous different approaches to floating base inverse
dynamics control can indeed be thought as equivalent. In
order to do so, we develop a general framework to describe
such controllers and prove the equivalence of all these
controllers. This general framework for inverse dynamics

control of under-actuated robots under constraints is the
main contribution of this paper. The consequences of this
result are two-fold. First, we give a strong argument in
favor of the use of orthogonal projections for inverting the
dynamics [3], [8] since these approaches are equivalent to the
ones using dynamic quantities and are easier to implement
on real robotic systems. Second, we are able to simplify
the controller presented in [1], [7] to work with kinematic
projections and extend it to be optimal with respect to any
quadratic cost in the commands.

In Section 2 we present the general framework that will
allow us to compare the different approaches and derive
the main result of the paper. In Section 3 we discuss the
practical consequences of this result, present the controllers
that we wish to compare and simplify the operational space
controller. We then show numerical simulations to support
the mathematical results in Section 4 and discuss the com-
putational aspects of the new results and their applicability
on real platforms. We then conclude the paper.

II. GENERAL FRAMEWORK
A. Problem formulation

The dynamics of a free-floating rigid-body robot subject
to external constraints is generally given by2

Mq̈+ h = ST ⌧ + JT
c � (1)

under the k constraints

Jcq̈ = b(q, q̇) (2)

where M ⇤ R(n+6)�(n+6) is the rigid body dynamics (RBD)
Inertia matrix, h ⇤ Rn+6 is a generalized force vector
containing the Coriolis, centrifugal and gravitational effects,
⌧ ⇤ Rn is the actuation vector and S ⇤ Rn�(n+6) is
the joint selection matrix that reflects the underactuation
– for instance, for most floating base robots, S would
be the identity matrix in the first n ⇥ n submatrix, and
zeros elsewhere. Jc ⇤ Rk�(n+6) is the Jacobian of the
k constraints with the � ⇤ Rk Lagrange multipliers that
correspond to the constraint forces.

Following the ideas from [10] we express the constraints
in acceleration form (Eq. 2) . Holonomic constraints can be
expressed by differentiating them twice and non-holonomic
constraints by differentiating them once. Without loss of
generality, we assume that Jc is full row rank, in the sense
that all constraints are linearly independent. Indeed it is
always possible to find a reduced number of independent
constraints, for example by using the SVD decomposition of
Jc. Therefore our results will hold for an arbitrary number
of constraints.

For example, assume that the position of the point feet of
a legged robot are given by xc, then the constraints that the
feet do not move relative to the ground can be written as
xc = const or equivalently by ẋc = 0. Relating this to the
motion of the joints of the robot using the Jacobian of xc
we have ẋc = Jcq̇ = 0, which we differentiate once again
to get Jcq̈ = �J̇cq̇.

We assume that the movement plan of the robot is ex-
pressed by desired joint accelerations that are constraint

2We discuss floating base systems with n DOFS and n actuators, but
all the derived results here can be directly applied to systems with a higher
number of actuators (e.g. muscle-like systems) and to systems with a higher
degree of under-actuation (e.g. a robot with passive elements). These cases
are not included to keep notation and discussion as simple as possible.

Contact constraints:

Mq̈+ h = ST ⌧ + JT
c �

Physical limitations:
(cones of friction, center of pressure, 
torque saturation, joint limits, etc...)
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is derived in a constraint consistent subspace without explic-
itly computing these constraints. Therefore they are often not
well suited for the control of contact constraints. It is also
desirable to avoid measuring constraint forces since it would
require sensors at each contact point and can lead to brittle
control due to noise measurement and delay due to filtering.
The ideal situation would be to have a single controller for
all these different cases that can handle switching external
contact constraints and that does not require constraint forces
measurement.

Recently such an approach has been taken for both opera-
tional space and joint position control of legged robots. Sen-
tis et al. [1], [7] proposed an extension of operational space
controllers for floating-base robots and for prioritization of
tasks that requires only one dynamic model of the robot
and that can handle various types of external constraints.
They design a hierarchy of constraint-consistent tasks (e.g.
movement of the center of mass and movement of the hands),
each task acting in the nullspace of both higher priority tasks
and the constraints. This approach is very appealing since it
virtually allows one to control any desired position or force in
task space and to superpose these tasks together for floating-
base robots under constraints. However one caveat of this
approach is the complexity of the controller. Indeed among
all of the needed computations, it requires the inversion of
the rigid body inertia matrix in several places making this
approach sensitive to modelling and parameter estimation
errors [5]. To the best of our knowledge this approach was
never applied on a real robotic platform. Another approach
for joint space trajectory control was recently proposed by
Aghili in [8], based on orthogonal projections. The inverse
dynamics is computed by projecting the dynamics into a
constraint consistent manifold thus removing the constraints.
The advantage of such an approach is that it can also handle
constraint switching and is computationally efficient since
it is based on the decomposition of the constraint Jacobian,
which is a purely kinematic quantity. More recently, based
on similar ideas, Mistry et al. [3] proposed an inverse
dynamics algorithm for legged robots with switching contact
constraints. This algorithm is very appealing since it does
not require the inversion of the inertia matrix and requires
only kinematic terms and an estimation of the unconstrained
inverse dynamics, which is computationally inexpensive. In
addition it allows to predict the constraint forces efficiently
using only kinematic projections, which can be used to
develop force controllers [9]. This controller was also suc-
cessfully applied on real robotic platforms demonstrating its
robustness and efficiency for real-time control [3], [9].

The controllers mentioned above were independently de-
rived for very different purposes and the control laws have
very different forms. Several questions arise. To what extend
are these control laws different? Is it possible to benefit of
the advantages of the hierarchical task controllers while pre-
serving the simplicity and robustness of the inverse dynamics
controller based on orthogonal projections? Is it mandatory
to use the inverse of the inertia matrix for the operational
space approach?

In this paper, we demonstrate the surprising insight that
these previous different approaches to floating base inverse
dynamics control can indeed be thought as equivalent. In
order to do so, we develop a general framework to describe
such controllers and prove the equivalence of all these
controllers. This general framework for inverse dynamics

control of under-actuated robots under constraints is the
main contribution of this paper. The consequences of this
result are two-fold. First, we give a strong argument in
favor of the use of orthogonal projections for inverting the
dynamics [3], [8] since these approaches are equivalent to the
ones using dynamic quantities and are easier to implement
on real robotic systems. Second, we are able to simplify
the controller presented in [1], [7] to work with kinematic
projections and extend it to be optimal with respect to any
quadratic cost in the commands.

In Section 2 we present the general framework that will
allow us to compare the different approaches and derive
the main result of the paper. In Section 3 we discuss the
practical consequences of this result, present the controllers
that we wish to compare and simplify the operational space
controller. We then show numerical simulations to support
the mathematical results in Section 4 and discuss the com-
putational aspects of the new results and their applicability
on real platforms. We then conclude the paper.

II. GENERAL FRAMEWORK
A. Problem formulation

The dynamics of a free-floating rigid-body robot subject
to external constraints is generally given by2

Mq̈+ h = ST ⌧ + JT
c � (1)

under the k constraints

Jcq̈ = b(q, q̇) (2)

where M ⇤ R(n+6)�(n+6) is the rigid body dynamics (RBD)
Inertia matrix, h ⇤ Rn+6 is a generalized force vector
containing the Coriolis, centrifugal and gravitational effects,
⌧ ⇤ Rn is the actuation vector and S ⇤ Rn�(n+6) is
the joint selection matrix that reflects the underactuation
– for instance, for most floating base robots, S would
be the identity matrix in the first n ⇥ n submatrix, and
zeros elsewhere. Jc ⇤ Rk�(n+6) is the Jacobian of the
k constraints with the � ⇤ Rk Lagrange multipliers that
correspond to the constraint forces.

Following the ideas from [10] we express the constraints
in acceleration form (Eq. 2) . Holonomic constraints can be
expressed by differentiating them twice and non-holonomic
constraints by differentiating them once. Without loss of
generality, we assume that Jc is full row rank, in the sense
that all constraints are linearly independent. Indeed it is
always possible to find a reduced number of independent
constraints, for example by using the SVD decomposition of
Jc. Therefore our results will hold for an arbitrary number
of constraints.

For example, assume that the position of the point feet of
a legged robot are given by xc, then the constraints that the
feet do not move relative to the ground can be written as
xc = const or equivalently by ẋc = 0. Relating this to the
motion of the joints of the robot using the Jacobian of xc
we have ẋc = Jcq̇ = 0, which we differentiate once again
to get Jcq̈ = �J̇cq̇.

We assume that the movement plan of the robot is ex-
pressed by desired joint accelerations that are constraint

2We discuss floating base systems with n DOFS and n actuators, but
all the derived results here can be directly applied to systems with a higher
number of actuators (e.g. muscle-like systems) and to systems with a higher
degree of under-actuation (e.g. a robot with passive elements). These cases
are not included to keep notation and discussion as simple as possible.

Contact constraints:

Mq̈+ h = ST ⌧ + JT
c �

Physical limitations:
(cones of friction, center of pressure, 
torque saturation, joint limits, etc...)
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is derived in a constraint consistent subspace without explic-
itly computing these constraints. Therefore they are often not
well suited for the control of contact constraints. It is also
desirable to avoid measuring constraint forces since it would
require sensors at each contact point and can lead to brittle
control due to noise measurement and delay due to filtering.
The ideal situation would be to have a single controller for
all these different cases that can handle switching external
contact constraints and that does not require constraint forces
measurement.

Recently such an approach has been taken for both opera-
tional space and joint position control of legged robots. Sen-
tis et al. [1], [7] proposed an extension of operational space
controllers for floating-base robots and for prioritization of
tasks that requires only one dynamic model of the robot
and that can handle various types of external constraints.
They design a hierarchy of constraint-consistent tasks (e.g.
movement of the center of mass and movement of the hands),
each task acting in the nullspace of both higher priority tasks
and the constraints. This approach is very appealing since it
virtually allows one to control any desired position or force in
task space and to superpose these tasks together for floating-
base robots under constraints. However one caveat of this
approach is the complexity of the controller. Indeed among
all of the needed computations, it requires the inversion of
the rigid body inertia matrix in several places making this
approach sensitive to modelling and parameter estimation
errors [5]. To the best of our knowledge this approach was
never applied on a real robotic platform. Another approach
for joint space trajectory control was recently proposed by
Aghili in [8], based on orthogonal projections. The inverse
dynamics is computed by projecting the dynamics into a
constraint consistent manifold thus removing the constraints.
The advantage of such an approach is that it can also handle
constraint switching and is computationally efficient since
it is based on the decomposition of the constraint Jacobian,
which is a purely kinematic quantity. More recently, based
on similar ideas, Mistry et al. [3] proposed an inverse
dynamics algorithm for legged robots with switching contact
constraints. This algorithm is very appealing since it does
not require the inversion of the inertia matrix and requires
only kinematic terms and an estimation of the unconstrained
inverse dynamics, which is computationally inexpensive. In
addition it allows to predict the constraint forces efficiently
using only kinematic projections, which can be used to
develop force controllers [9]. This controller was also suc-
cessfully applied on real robotic platforms demonstrating its
robustness and efficiency for real-time control [3], [9].

The controllers mentioned above were independently de-
rived for very different purposes and the control laws have
very different forms. Several questions arise. To what extend
are these control laws different? Is it possible to benefit of
the advantages of the hierarchical task controllers while pre-
serving the simplicity and robustness of the inverse dynamics
controller based on orthogonal projections? Is it mandatory
to use the inverse of the inertia matrix for the operational
space approach?

In this paper, we demonstrate the surprising insight that
these previous different approaches to floating base inverse
dynamics control can indeed be thought as equivalent. In
order to do so, we develop a general framework to describe
such controllers and prove the equivalence of all these
controllers. This general framework for inverse dynamics

control of under-actuated robots under constraints is the
main contribution of this paper. The consequences of this
result are two-fold. First, we give a strong argument in
favor of the use of orthogonal projections for inverting the
dynamics [3], [8] since these approaches are equivalent to the
ones using dynamic quantities and are easier to implement
on real robotic systems. Second, we are able to simplify
the controller presented in [1], [7] to work with kinematic
projections and extend it to be optimal with respect to any
quadratic cost in the commands.

In Section 2 we present the general framework that will
allow us to compare the different approaches and derive
the main result of the paper. In Section 3 we discuss the
practical consequences of this result, present the controllers
that we wish to compare and simplify the operational space
controller. We then show numerical simulations to support
the mathematical results in Section 4 and discuss the com-
putational aspects of the new results and their applicability
on real platforms. We then conclude the paper.

II. GENERAL FRAMEWORK
A. Problem formulation

The dynamics of a free-floating rigid-body robot subject
to external constraints is generally given by2

Mq̈+ h = ST ⌧ + JT
c � (1)

under the k constraints

Jcq̈ = b(q, q̇) (2)

where M ⇤ R(n+6)�(n+6) is the rigid body dynamics (RBD)
Inertia matrix, h ⇤ Rn+6 is a generalized force vector
containing the Coriolis, centrifugal and gravitational effects,
⌧ ⇤ Rn is the actuation vector and S ⇤ Rn�(n+6) is
the joint selection matrix that reflects the underactuation
– for instance, for most floating base robots, S would
be the identity matrix in the first n ⇥ n submatrix, and
zeros elsewhere. Jc ⇤ Rk�(n+6) is the Jacobian of the
k constraints with the � ⇤ Rk Lagrange multipliers that
correspond to the constraint forces.

Following the ideas from [10] we express the constraints
in acceleration form (Eq. 2) . Holonomic constraints can be
expressed by differentiating them twice and non-holonomic
constraints by differentiating them once. Without loss of
generality, we assume that Jc is full row rank, in the sense
that all constraints are linearly independent. Indeed it is
always possible to find a reduced number of independent
constraints, for example by using the SVD decomposition of
Jc. Therefore our results will hold for an arbitrary number
of constraints.

For example, assume that the position of the point feet of
a legged robot are given by xc, then the constraints that the
feet do not move relative to the ground can be written as
xc = const or equivalently by ẋc = 0. Relating this to the
motion of the joints of the robot using the Jacobian of xc
we have ẋc = Jcq̇ = 0, which we differentiate once again
to get Jcq̈ = �J̇cq̇.

We assume that the movement plan of the robot is ex-
pressed by desired joint accelerations that are constraint

2We discuss floating base systems with n DOFS and n actuators, but
all the derived results here can be directly applied to systems with a higher
number of actuators (e.g. muscle-like systems) and to systems with a higher
degree of under-actuation (e.g. a robot with passive elements). These cases
are not included to keep notation and discussion as simple as possible.

Contact constraints:

Mq̈+ h = ST ⌧ + JT
c �

Physical limitations:
(cones of friction, center of pressure, 
torque saturation, joint limits, etc...)
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is derived in a constraint consistent subspace without explic-
itly computing these constraints. Therefore they are often not
well suited for the control of contact constraints. It is also
desirable to avoid measuring constraint forces since it would
require sensors at each contact point and can lead to brittle
control due to noise measurement and delay due to filtering.
The ideal situation would be to have a single controller for
all these different cases that can handle switching external
contact constraints and that does not require constraint forces
measurement.

Recently such an approach has been taken for both opera-
tional space and joint position control of legged robots. Sen-
tis et al. [1], [7] proposed an extension of operational space
controllers for floating-base robots and for prioritization of
tasks that requires only one dynamic model of the robot
and that can handle various types of external constraints.
They design a hierarchy of constraint-consistent tasks (e.g.
movement of the center of mass and movement of the hands),
each task acting in the nullspace of both higher priority tasks
and the constraints. This approach is very appealing since it
virtually allows one to control any desired position or force in
task space and to superpose these tasks together for floating-
base robots under constraints. However one caveat of this
approach is the complexity of the controller. Indeed among
all of the needed computations, it requires the inversion of
the rigid body inertia matrix in several places making this
approach sensitive to modelling and parameter estimation
errors [5]. To the best of our knowledge this approach was
never applied on a real robotic platform. Another approach
for joint space trajectory control was recently proposed by
Aghili in [8], based on orthogonal projections. The inverse
dynamics is computed by projecting the dynamics into a
constraint consistent manifold thus removing the constraints.
The advantage of such an approach is that it can also handle
constraint switching and is computationally efficient since
it is based on the decomposition of the constraint Jacobian,
which is a purely kinematic quantity. More recently, based
on similar ideas, Mistry et al. [3] proposed an inverse
dynamics algorithm for legged robots with switching contact
constraints. This algorithm is very appealing since it does
not require the inversion of the inertia matrix and requires
only kinematic terms and an estimation of the unconstrained
inverse dynamics, which is computationally inexpensive. In
addition it allows to predict the constraint forces efficiently
using only kinematic projections, which can be used to
develop force controllers [9]. This controller was also suc-
cessfully applied on real robotic platforms demonstrating its
robustness and efficiency for real-time control [3], [9].

The controllers mentioned above were independently de-
rived for very different purposes and the control laws have
very different forms. Several questions arise. To what extend
are these control laws different? Is it possible to benefit of
the advantages of the hierarchical task controllers while pre-
serving the simplicity and robustness of the inverse dynamics
controller based on orthogonal projections? Is it mandatory
to use the inverse of the inertia matrix for the operational
space approach?

In this paper, we demonstrate the surprising insight that
these previous different approaches to floating base inverse
dynamics control can indeed be thought as equivalent. In
order to do so, we develop a general framework to describe
such controllers and prove the equivalence of all these
controllers. This general framework for inverse dynamics

control of under-actuated robots under constraints is the
main contribution of this paper. The consequences of this
result are two-fold. First, we give a strong argument in
favor of the use of orthogonal projections for inverting the
dynamics [3], [8] since these approaches are equivalent to the
ones using dynamic quantities and are easier to implement
on real robotic systems. Second, we are able to simplify
the controller presented in [1], [7] to work with kinematic
projections and extend it to be optimal with respect to any
quadratic cost in the commands.

In Section 2 we present the general framework that will
allow us to compare the different approaches and derive
the main result of the paper. In Section 3 we discuss the
practical consequences of this result, present the controllers
that we wish to compare and simplify the operational space
controller. We then show numerical simulations to support
the mathematical results in Section 4 and discuss the com-
putational aspects of the new results and their applicability
on real platforms. We then conclude the paper.

II. GENERAL FRAMEWORK
A. Problem formulation

The dynamics of a free-floating rigid-body robot subject
to external constraints is generally given by2

Mq̈+ h = ST ⌧ + JT
c � (1)

under the k constraints

Jcq̈ = b(q, q̇) (2)

where M ⇤ R(n+6)�(n+6) is the rigid body dynamics (RBD)
Inertia matrix, h ⇤ Rn+6 is a generalized force vector
containing the Coriolis, centrifugal and gravitational effects,
⌧ ⇤ Rn is the actuation vector and S ⇤ Rn�(n+6) is
the joint selection matrix that reflects the underactuation
– for instance, for most floating base robots, S would
be the identity matrix in the first n ⇥ n submatrix, and
zeros elsewhere. Jc ⇤ Rk�(n+6) is the Jacobian of the
k constraints with the � ⇤ Rk Lagrange multipliers that
correspond to the constraint forces.

Following the ideas from [10] we express the constraints
in acceleration form (Eq. 2) . Holonomic constraints can be
expressed by differentiating them twice and non-holonomic
constraints by differentiating them once. Without loss of
generality, we assume that Jc is full row rank, in the sense
that all constraints are linearly independent. Indeed it is
always possible to find a reduced number of independent
constraints, for example by using the SVD decomposition of
Jc. Therefore our results will hold for an arbitrary number
of constraints.

For example, assume that the position of the point feet of
a legged robot are given by xc, then the constraints that the
feet do not move relative to the ground can be written as
xc = const or equivalently by ẋc = 0. Relating this to the
motion of the joints of the robot using the Jacobian of xc
we have ẋc = Jcq̇ = 0, which we differentiate once again
to get Jcq̈ = �J̇cq̇.

We assume that the movement plan of the robot is ex-
pressed by desired joint accelerations that are constraint

2We discuss floating base systems with n DOFS and n actuators, but
all the derived results here can be directly applied to systems with a higher
number of actuators (e.g. muscle-like systems) and to systems with a higher
degree of under-actuation (e.g. a robot with passive elements). These cases
are not included to keep notation and discussion as simple as possible.

Contact constraints:

Mq̈+ h = ST ⌧ + JT
c �

Physical limitations:
(cones of friction, center of pressure, 
torque saturation, joint limits, etc...)
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[Herzog et al. submitted 2013]
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Model-based control
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Momentum-based balance control
[Herzog et al. submitted 2013]

Control desired momentum rate of change for balance control
[Lee et al. 2012]

Can be formulated as a task in our control framework using 
the centroidal momentum matrix

ḣ

ref

= P


m(x

cog,des

� x

cog

)
0

�
+D(h

des

� h) + ḣ

des

[Orin et al. 2008]

A(q)q̇ = h ) Aq̈+ Ȧq̇ = ḣ

f(q̈,�) = kAq̈+ Ȧq̇� h
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Momentum balance control

[Herzog et al., submitted]
[Herzog et al.,arXiv:1305.2042]
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Momentum balance control
[Herzog et al. submitted 2013]

• Pure operational space control!
 (no joint position control, all feedback done in op. space)

• Computationally fast (1KHz control loop)

• Robust to model uncertainties 
(works on real robot with dynamics from CAD model)

• Optimization problem significantly reduced compared to 
previous approaches
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Motivation

Interaction with the environment 
is fundamental for locomotion and 
manipulation

• How do we control both motion and 
contact interaction?

• How do we create policies for 
dexterous skills?
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Motivation

• How do we create policies for 
dexterous skills?
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Manipulation skills

[Righetti et al., submitted]
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Motion/force policies

•What is a good desired motion/force for a specific task?

•Modeling of environment during manipulation is 
complicated - unknown object / contact models

•Policies should be able to deal with some amount of 
uncertainty/disturbance (no time to re-plan)
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Learning force control policies

[Kalakrishnan et al., IROS 2011]
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Reactive movement primitives

•Can we use previous task execution to acquire a model 
of typical sensor traces?

•Can we use this model to quickly adapt a policy to 
unexpected disturbances?
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Reactive movement primitives

Change the motion such that measured sensory traces 
stay close to the previous experiences

[Pastor et al., IROS 2011]
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Conclusion

Planning and controlling both motion and contact forces is 
fundamental for advanced robotic capabilities

Use of dynamic models for control works 
(even with imprecise models)

Using the world to build implicit contact
interaction models can be very effective 
(reinforcement learning, reactive motion)
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